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In the late 1960s and early 1970s research on supersonic aircraft determined that sonic boom noise would

penetrate the surface of the ocean. It was assumed that the surface of the air± water interface was perfectly
¯ at. Today, sonic boom noise is once again a topic of interest. The present work concentrates on two-dimensional

focusing and defocusing, caused by ocean surface swell, of the penetrating sonic boomwaveform. A ® nite difference
algorithm is used to calculate the pressure levels underwater due to a rounded sonic boom waveform interacting

with the water interface. Numerical results are consistent with the predictions of known theories involving 1) the
existence of pressure disturbances underwater and 2) their penetration depth being a function of the aircraft’s

speed. These calculations also indicate that 1) the swell of the ocean surface focuses and defocuses the waveform
with increasing effect as the ocean wave height increases and 2) the percent change (from a ¯ at ocean interface to

a wavy ocean interface) in pressure values due to the swell increases with increasing Mach number.

Introduction

E ARLY in the next century it is expected that a new breed of su-
personicpassengeraircraftwill be in operationover the world’s

oceans.1 , 2 Although the parametersof the sonicbooms generatedby
the new aircraftareunknown, it has beendeterminedthat these sonic
booms will penetrate the ocean surface causingan acousticpressure
disturbance underwater. The purpose of the present research is to
determine the underwater sound levels to assess the noise impact
on marine life by sonic boom noise penetration into the ocean. This
paper concentrates on two-dimensional focusing and defocusing,
caused by the swell of the ocean surface, of the sonic boom wave-
form. The air and water are assumed homogeneous in the present
study.

The next section of this paper offers a brief background to the
current research. Following is a section covering the computational
approachtaken to study the problem.Next, a descriptionof the com-
puterprogram’s parametersand features is given.After enumerating
the speci® c program runs, selected results are presented. These re-
sults are qualitativelycompared with known ¯ at water theories and
also provide insight into the effects of ocean surface swell on an
incident sonic boom. Finally some conclusions are stated.

Background
It is well known that a supersonic aircraft creates a sonic boom

when traveling faster than the speed of sound. By the time the sonic
boomreachestheEarth’s surface,it oftenapproximatesa planewave
N-shaped waveform. Here it is assumed that the aircraft is ¯ ying in
steady ¯ ight at its cruising altitude and that atmospheric turbulence
effects are negligible. It is also assumed that the incident angle at
the mean ocean surface is equal to the Mach angle (at the aircraft);
although a rough approximation, this is suf® cient for the current
research.

When an airborne plane wave interacts with a ¯ at water surface,
the sonic boom sees a large impedance change and will be totally
re¯ ected if the incident angle h i (angle from the normal to the wa-
ter surface) is greater than 13.2 deg. If it is less than 13.2 deg, the
incident plane wave creates both a transmitted propagating wave
into the water and a re¯ ected wave propagating back into the air.
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This critical angle of 13.2 deg corresponds to a Mach number of
approximately 4.4 [h i = h c = arcsin(1/ M), M = Mach number].
This implies that the aircraft must be traveling at a speed greater
than the speed of sound in water for the sonic boom to penetrate
as a propagating wave. A foreseeable speed1±3 for a passenger su-
personic aircraft would be approximately Mach 2.4, which implies
the incident angle is 24.6 deg, an angle associated with total wave
re¯ ection.

Although total wave re¯ ection occurs for speeds less than Mach
4.4, some nonpropagating sound energy does penetrate the ocean
surface. Important work was done in the late 1960s and early
1970s on the study of sonic booms interacting with an air±water
interface. Sawyers4 and later Cook5 each studied an N-shaped
sonic boom interacting with a ¯ at water surface. They analyti-
cally showed that an evanescent sound wave is produced in the
water as a result of the impinging sonic boom; the amplitude of
this sound wave decreases with increasing depth. A couple of
years later, this theory was validated by experiments.6±9 In 1995
Sparrow10 showed that the penetration of these sonic booms is
dependent on the aircraft speed; an evanescent sound wave pen-
etrates further into the ocean when the incident wave is associ-
ated with a higher Mach number, even if the Mach number is less
than 4.4.

The sonic boom studies mentioned here assumed that the air±
water interface was perfectly ¯ at. The ocean very rarely has a ¯ at
surface. More often than not the wind waves on the sea surface are
between 1 and 2 m high. These heights correspond to wind con-
ditions of 0±20 kn and are based on 70,000 observations.11 The
wind-generatedwaves of interest here are called swell; swell is de-
® ned as the waves leaving the generatingarea or continuingon after
the generating wind has ceased.12 An example of the swell on an
ocean surface is shown in Fig. 1. The equation used to generate this
curved interface is given later in this paper as Eq. (3). Although the
swell depicted in Fig. 1 is simpli® ed from an actual rough ocean
surface, it allows for an analysis of the major focusing and defocus-
ing on an incident sonic boom waveform. A study of the focusing
that includes the effects of a rough surface is beyond the scope of
the present research.

Among the possible methods for analyzing the interaction be-
tween a sonic boom and the assumed ocean surface, the present
study choosescomputationalsimulations.There is at least one other
research group that has chosen an analytical approach.13

Fig. 1 Example of the shape of the ocean
surface, called swell.
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Method of Computational Analysis
Although a wide variety of methods exist for computationalanal-

ysis, it makes sense to choose a method that is the best suited for a
particular problem. Criteria can include such aspects as ef® ciency,
accuracy,and upgradability.For this initial study, time domain ® nite
differencemethods were chosen due to their upgradability;they can
be modi® ed to model both nonlinear propagation, appropriate for
very loud sonic booms, and inhomogeneousmedia, appropriate for
turbulence in the air and bubbles in the water (probable aspects of
future research).

Because of its simplicity and ef® ciency, a second-order two-
dimensionalcentered ® nite differenceschemeis usedfor wave prop-
agation in the air and in the water, where the density is constant; this
scheme is not implemented at the interface. Although the scheme
is not a high-order method, it is very stable and has suf® cient ac-
curacy for the present problem. The centered difference scheme for
the acoustic wave equation, derived from Hirsch,14 is
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where the index n represents time and the indices i and j , the grid
points in the x and z directions, respectively, represent space. The
variable p is the acousticpressure,co is the speedof sound (different
for each medium, values stated later), D t is the time increment, D x
is the spatial increment in the x direction (horizontal), and D z is
the spatial increment in the z direction (vertical). In general, D z j =
z j ¡ z j ¡ 1, z j being the physical locationat index j on the grid. As is
indicated by Eq. (1), the computationalgrid must be uniform in the
x direction but allows for nonuniformity in the z direction; it will
be explained in the next section why this tolerance is important.

Since theair±water interfacesigni® es a hugeimpedancechange,it
is necessary to implement a schemecapableof handlingthe changes
in speed of sound and density.Although ® nite differencescan easily
handle the soundspeedchange,a factorof 4.4 betweenair and water,
most ® nite differenceschemeswill go unstablewith thehuge change
in ambient density, a factor of approximately 827. For example, if
used alone, Eq. (1) will go unstable at the air±water interface.

To overcome this dif® culty of instability, a ® nite difference
method different than Eq. (1), similar to one used in seismology,
is applied at all grid points within §1

2
D z of the air±water interface.

The scheme is derived by integrating the acoustic wave equation
across the interface; this ensures proper re¯ ection and transmission
coef® cients.This methodwas originallyappliedby Sochackiet al.15

to a slightly different set of equations. The present interface ® nite
difference scheme is written as
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where p, D t , D x , and D z are the same as in Eq. (1). The addi-
tional variablesare a = 1/ q oc2

o and b = 1/ q o , q o being the ambient
density for each medium. Both a and b change depending on the
locationof the calculation.If the calculationis made in air, co = 343
m/s and q o = 1.21 kg/m3; if it is made in water, co = 1500 m/s and
q o = 1000 kg/m3 . However, at the interface a and b are theoreti-
cally complicated15 and can be dif® cult to implement, dependingon
whether or not the interface line intersects grid blocks or outlines
them. Because the current interface is grid block approximated(the

interface line does not intersect a grid block), the functions can be
written simply as a = 1

2
(aair + awater) and b = 1

2
(bair + bwater).

Program Parameters and Features
There are many differentvariablesto considerin the currentprob-

lem; these include computational variables (grid parameters and
boundary conditions) and physical variables (sonic boom parame-
ters, ocean wave heights, and media).

The computationaldomain is a rectangulargrid with hard re¯ ect-
ing boundaries on the left, right, and top sides and an absorbing
boundary16 on the bottom. Hard re¯ ecting boundaries are imple-
mented wherever possible for simplicity. Because the propagating
wave starts from the upper left-hand corner of the computational
domain, the left boundary is of no consequence, and re¯ ections
from the right and top boundarieswould not interact with the anal-
ysis region until a time later than would cause any interference.
Hard re¯ ecting boundaries are therefore suitable for the left, right,
and top sides of the domain. However, the sound speed in water is
4.4 of that in air, and false re¯ ections from a rigid bottom bound-
ary would interfere with the present analysis of the sound levels at
the interface. Two possible solutions to avoid this interference are,
® rst, to extend the domain by a factor of 4.4 below the water sur-
face or, second, to implement an absorbingboundaryon the bottom
of the domain. The later was chosen to make the program more
ef® cient.

The computational grid physically represents a region with di-
mensions799 £ 781 m (340 m in height in the air and 441 m in depth
in the water); however, there are 800 grid points in both the x and
z directions.This nonuniform grid has a re® ned region surrounding
the air±water interface, a necessary feature for the program’s stabil-
ity. In the re® ned region a grid block spans 1 m in the x direction
and 0.25 m in the z direction; this re® ned region physically extends
3 m above and 3 m below the midline of any type of ocean interface.
Elsewhere in the domain, a grid block spans 1 m in the x direction
and also 1 m in the z direction.

A roundedN-shapedsonicboomis insertedin the upper left-hand
corner of the computationaldomain. Figure 2 shows a typical initial
condition with a horizontal slice showing the initial rounded sonic
boom waveform. The sonic boom has a speci® ed peak pressure,
duration, and angle of incidence, which, as previously mentioned,
is a function of the Mach number. Using a rounded N-shaped sonic
boom instead of a perfect N wave is justi® ed for two reasons. First,
realistic sonic booms vary in shape, some roughly appearing as
rounded N waves; second, a perfect N wave would require a com-
putationally intensive simulation (possibly using a very ® ne grid),
which is not feasible at this time.

The ocean wave height is a function of the wind speed in the air;
any wave height, peak to trough, can be speci® ed. It is assumed that
the wind is blowing in the x direction,and hence a two-dimensional
computational analysis is appropriate. Wavelengths of these wind
waves are taken to be 20 times the wind wave heights, a common
ocean engineeringapproximation.12 Also one of two height pro® les
for the curved interface can be chosen.The ® rst type is a sinusoidal
ocean surface, and the second more realistic one is a trochoidal
ocean surface. Using a trochoid to represent the ocean swell was
® rst establishedby Stokes17 and improved by Rayleigh.18 A simple
expression for a Stokes’ wave is provided by Khandekar19:

g = ¡ A coskx + 1
2
k A2cos 2kx ¡ 3

8
k2 A3cos 3kx (3)

where g is the vertical displacement of the water surface above the
mean water level, A is the wave amplitude (half the wind wave
height), and k is the wave number for the ocean surface.

Even though the grid is re® ned in the interface region, the ocean
surface curve is still approximated by ragged grid blocks; in turn,
dependingon the ocean wave height, the peaksand dips of the ocean
waves can create numerical instabilities. To avoid this problem, a
function is inserted into the Fortran code that ª smoothsº any peak
or dip with a singularmaximum or minimum grid point.Smoothing
the curve requires adjusting the singular extreme point to match the
value of its neighboring grid points. Again, note that the air and
water are considered to be homogeneous media.



ROCHAT AND SPARROW 37

a) Full domain plot

b) Horizontal line intersection

Fig. 2 Initial pulse, Mach number 1.4, wave height 0.0 m.

Calculations
A matrix of different runs changing the physical parameterswere

performed.In this matrix both the sonicboom and ocean parameters
were varied. The Mach numbers of the ® ctional supersonic aircraft
were chosen to be 1.4, 2.4, 3.0, and 3.5. Each initial sonic boom
waveformhad a peakpressureof 50Pa and a durationof 300 ms. The
four nonzero wave heights studied were 1.0, 1.4, 2.3, and 3.75 m
(crest to trough); these ocean wave heights roughly correspond to
wind speeds of 0, 10, 20, and 30 kn, respectively.11 Also, runs were
made using a ¯ at water interface.

The Mach 1.4 and 2.4 cases were run for each wave height, as
well as a ¯ at surface, for both the sinusoidal and trochoidal ocean
interfaces. The Mach 3.0 and 3.5 cases were run only for a ¯ at
ocean surface and for trochoidal waves at a height of 3.75 m. All
runs were made on a Digital Equipment Corp. Alpha 3000/600
workstation, and each simulation took approximately 1.5±5.5 h of
run time, depending on the user load.

Results
Results were obtained that are consistent with previously pub-

lished results and that also show the effects of ocean swell on the
penetrating sonic boom noise.

When viewing Figs. 2a, 3a, and 5a, the plot is stretched in the
region correspondingto the re® ned grid region in the computational
domain. As previously mentioned, the re® ned region extends 3 m
both above and below the midline of the air±water interface. The

® gures show everygrid point as a pixel, and so the 6 m of the re® ned
region is shown as 24 m in height. In other words, the unre® ned 1-m
height computational grid blocks still correspond to 1 m in the ® g-
ures, but the re® ned 0.25-m height grid blocks now also correspond
to 1 m.

Comparison with Known Results

The analytical theories of Sawyers,4 Cook,5 and Sparrow10 as-
sume a ¯ at water interface. The ® nite difference simulation results
for the ¯ at ocean interfacecan be qualitativelycomparedwith these
analytical theories. Although the ® nite difference simulations use a
roundedsonic boom waveform and the analytical theories assume a
perfectly N-shaped waveform, the ® nite difference results are simi-
lar to those predictedanalytically.An example of a ¯ at water image
can be seen in Fig. 2. Figure 2a shows the initialMach 1.4 waveform
in the computational domain, and Fig. 2b shows a horizontal slice
through this waveform. The amplitude of this pressure waveform is
approximately 50 Pa.

When the sonicboom interactswith the ocean surface,an evanes-
cent wave is produced underwater. Line graphs extracted at various
depths below the surface illustrate the decaying waveform as de-
scribed by both Sawyers and Cook. Figure 3a, a snapshot at time
t = 0.79 s for the Mach 1.4 ¯ at ocean surface run, illustrates the
incidentwave interactingwith the air±water interface;Fig. 3b shows
a horizontal line intersection of the waveform just under the ocean
surface and at 10, 25, and 50 m underwater. The pressure ampli-
tude just under the ocean surface is approximately 100 Pa due to

a)

b)

Fig. 3 Mach number 1.4, wave height 0.0 m; incident wave interacting
with the interface: a) full domain plot, boxed region signifying the data
fromwhich the results areextracted andb) horizontalline intersection of
waveform just under the water surface and 10, 25, and 50 m underwater.
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Table 1 Real pressure values found at 100-m depth
for increasing Mach numbers

Mach no. Positive peak, p, Pa Negative peak, p, Pa

1.4 4.19 ¡ 5.71
2.4 14.06 ¡ 15.98
3.0 21.71 ¡ 24.96
3.5 40.71 ¡ 38.20

Table 2 Percent change in peak pressure from the ¯ at
ocean results due to focusing and defocusing

caused by ocean swell (trochoidal waves)

Change in + / ¡ pressure peaks
due to curvature effects, %

Wind wave height
(crest to trough), m M = 1.4 M = 2.4

0 0/0 0/ 0
1.0 ¡ 0.4/ ¡ 0.1 0.4/ 0.6
1.4 0.8/0.5 1.7/ ¡ 0.7
2.3 1.5/2.4 ¡ 2.8/ ¡ 2.8

¡ 1.4/2.5 4.2/ 5.3
3.75 0.1/¡ 3.4 ¡ 5.4/11.7

1.3/5.0 7.8/ ¡ 8.9

pressure doubling at the air±water interface. Figure 3 does, in fact,
show that the amplitudeof the penetratingwave decaysas a function
of depth. The frequencydependenceof this decayingwaveformwas
previously investigated.20

The black box in Fig. 3a (also in Fig. 5a) represents a region of
the full computationaldomain from where all results are extracted.
Because of the ® nite speeds of sound in the full domain (i.e., causal-
ity), one can ignore the part of the domain outside the black box.
This outside part of the domain is obviously affected by the chosen
initial and boundaryconditions,and the results there are not usable.

To see the relationshipbetween Mach number and the underwater
depth of the penetrating sound, it is necessary to extract informa-
tion from the ¯ at water Mach 1.4, 2.4, 3.0, and 3.5 runs. Table 1
contains the numerical data, the real pressurevalues, found at a 100-
m depth for increasing Mach numbers. It is seen that at Mach 1.4
the evanescentwave has decayed to less than 2.5% of its value just
under the ocean surface (100 Pa). However, for Mach 3.5 the peak
pressures in the waveform at a depth of 100 m are still 40% of the
value just under the surface.Hence, the numbers con® rm Sparrow’s
prediction,10 which states that higher Mach number incident waves
are associated with deeper penetration into the ocean.

Effects Caused by Ocean Swell
The effects caused by a sonic boom interactingwith an ocean in-

terface with swell can be divided into two main categories: 1) how
different wind wave heights strengthen the focusing and defocus-
ing of the evanescent acoustic pressure and 2) how different Mach
numbers strengthen the focusing and defocusing.In addition to still
image results, an interesting observation is made from animating
the results.

For the ® rst category, numerical results were extracted from the
Mach 1.4 and 2.4 runs for all wave heights. Table 2 contains typical
percentage values re¯ ecting the change in positive and negative
peaks (in the pressure waveform just under the ocean surface) from
the ¯ at ocean result to each wavy ocean result. These numbers are
taken from the trochoidal interface calculations; the trochoidal and
sinusoidal interfaces yielded such similar results that it is suf® cient
to present just the one case.

Over the time it takes for the sonic boom to ® nish interacting
with the ocean, the positive and negative peaks of the waveform
have each interacted with several crests and troughs of the ocean
surface swell. For Table 2, each set of positive and negative peak
percent changes is calculated from the numerical pressure values
at a single time during the wave propagation simulation. Different
snapshots in time are examined to determine typical percent change
values. Dependingon where on the curved interface the sonic boom
wave is incident, the peak pressure values just under the surface
may be either increased or decreased by varying amounts. Because

Table 3 Percent change in peak pressure from the ¯ at ocean
results due to focusing and defocusing caused by ocean swell

(trochoidal waves)

Change in + / ¡ pressure peaks
due to curvature effects, %

Wind wave height
(crest to trough), m M = 1.4 M = 2.4 M = 3.0 M = 3.5

0 0/0 0/ 0 0/ 0 0/ 0
3.75 1.3/5.0 ¡ 5.4/11.7 5.1/ 15.4 8.6/16.9

Fig. 4 Focusing and defocusing of a wave incident on an ocean surface
with swell. The shaded regions represent the regions of focusing and
defocusing. This picture is not intended to illustrate a sonic boom in-
teracting with the ocean surface but rather just to show where focusing
and defocusing occurs.

the percentage increase or decrease varies considerablyfor the 2.3-
and 3.75-m wind wave heights, two typical results are shown for
each. Figure 4 illustrates what is meant by focusing (which causes
an increase in amplitude) and defocusing (which causes a decrease
in amplitude) of the incident wave.

The percentchangevalues in Table 2 indicate that for largerocean
wave heights the pressure values are more affected, either being
decreased or increased. For a calm ocean (wave height being 1 m),
the deviation in peak pressure from the perfectly ¯ at ocean result
is less than 1%, whereas for an ocean with signi® cant swell (wave
height being 3.75 m), changes can be large as 5 or 11%.

An example of a waveform changed by the interface curvature is
shown in Fig. 5. The case shown is Mach 2.4 at time t = 0.75 s with
the wave height being 3.75 m; this corresponds to the ¡ 5.4/ 11.7%
case in Table 2. Figure 5a shows the full domain,and Fig. 5b shows a
horizontalline intersectiontakenin thewater close to the surface;the
solid line representsthehorizontalintersectionfor the case involving
the ocean wave height of 3.75 m and the dashed line (plotted for
comparison) represents the case involving the ¯ at ocean surface.
Similar to Fig. 3b, the amplitudes of the waveforms in Fig. 5b are
much higher than that in Fig. 2b, the initial waveform before hitting
theoceansurface,due to pressuredoublingat theair±water interface;
the initialwaveform’s peakpressureis 50Pa and the amplitudeof the
dashed line waveform in Fig. 5b is 100 Pa. The solid line waveform
in Fig. 5b looks slightlydistorteddue to the curvatureeffects.Again,
note that the picture of the full domain is stretched in the interface
region.

For the second category (how differentMach numbers strengthen
the focusing and defocusing), runs including all Mach numbers but
just the most extreme trochoidal wave height, 3.75 m, were eval-
uated. Table 3 shows the percent changes in pressure values just
under the ocean surface (from an incident plane wave interacting
with a ¯ at surface to one interacting with a wavy surface). Only
cases with the greatest percent changes are shown. In viewing the
data in Table 3, it can be seen that the highest percent changes in-
crease with increasing Mach number.

An animation of the Mach 2.4/wave height 3.75 m/trochoidal
interface pro® le simulated data was created as a research tool.
Observing this animation, it was seen that the positive and negative
peak of the roundedsonic boom waveform just above the ocean sur-
face became increased (in magnitude) in the troughs of the ocean
waves and decreased (in magnitude) over the ocean wave crests.
The highest pressure values were located near the bottom of the
trough and up the right-hand side slope of the trough. Recall that
the airborne sonic boom is traveling from left to right over the ocean
surface.
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a)

b)

Fig. 5 Mach number 2.4, wave height 3.75m incident wave interacting
with the interface: a) full domain plot, boxed region signifying the data
from which the results are extracted and b) horizontal line intersection
ofwaveform just under the water surface; 3.75 m waveheightcase (solid
line), ¯ at interface case (dashed line).

Conclusions
Through the use of computational simulation,penetratingunder-

water pressure values caused by a rounded N-shaped sonic boom
interactingwith a simpli® ed oceansurfacehavebeenpredicted.Sev-
eral parameterswere varied to see trends in the numericaldata; these
included Mach number, ocean wave height, and ocean wave shape.
The results support the known analytical theories for a ¯ at ocean
surface: 1) an evanescentwave underwater is created by an imping-
ing sonic boom for Mach numbers below 4.4 and 2) the penetration
depth is a function of Mach number (larger Mach numbers imply
deeper penetration). The results also indicate that 1) ocean surface
swell focuses and defocuses the waveform with increasing effects
as the ocean wind wave height increases and 2) the percent change
in peak acoustic pressure values due to the swell increases with in-
creasingMach number. Observationsusing animations indicate that
pressure values due to the sonic boom are increased (in magnitude)
in the troughs of the ocean wind waves.

As was mentioned earlier, the results presented here assume that
the wind waves are aligned in the same direction as is the propagat-
ing sonic boom. Studies remain to be conductedthat are fully three-
dimensionalwhere the wind waves and propagatingsonic boom are
not aligned. It was further assumed that the air and water were both
homogeneous. Since in a realistic ocean many air bubbles exist
near the surface, improved predictions would include these inho-
mogeneities, which can cause a signi® cant change in the apparent
characteristic impedance seen by an incident sonic boom at the air±
water interface.
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